A recent experiment on Nb-doped Bi2Se3 showed that zero field magnetization appears below the superconducting transition temperature. This gives evidence that the superconducting state breaks time-reversal symmetry spontaneously and is possibly in the chiral topological phase. This is in sharp contrast to the Cu-doped case which is possibly in the nematic phase and breaks rotational symmetry spontaneously. By deriving the free energy of the system from a microscopic model, we show that the magnetic moments of the Nb atoms can be polarized by the chiral Cooper pairs and enlarge the phase space of the chiral topological phase compared to the nematic phase. We further show that the chiral topological phase is a Weyl superconducting phase with bulk nodal points which are connected by surface Majorana arcs.
A recent experiment on Nb-doped Bi2Se3 showed that zero field magnetization appears below the superconducting transition temperature. This gives evidence that the superconducting state breaks time-reversal symmetry spontaneously and is possibly in the chiral topological phase. This is in sharp contrast to the Cu-doped case which is possibly in the nematic phase and breaks rotational symmetry spontaneously. By deriving the free energy of the system from a microscopic model, we show that the magnetic moments of the Nb atoms can be polarized by the chiral Cooper pairs and enlarge the phase space of the chiral topological phase compared to the nematic phase. We further show that the chiral topological phase is a Weyl superconducting phase with bulk nodal points which are connected by surface Majorana arcs.
Introduction-Superconductivity and ferromagnetism are conventionally considered to be two competing orders, especially in time-reversal invariant superconductors [1, 2] . However, superconductivity discovered in several Uranium based ferromagnetic compounds [3] [4] [5] indicates that the superconducting and ferromagnetic orders can also coexist. The muon spin rotation (µSR) experiments in systems such as the B phase of UPt 3 [6] , Sr 2 RuO 4 [7] , LaNiC 2 [8] , LaNiGa 2 [9] , SrPtAs [10, 11] and URu 2 Si 2 [12, 13] suggest that the time-reversal symmetry can be spontaneously broken in the superconducting phase. In this work, we propose that in Nb-doped bismuth selenide (Bi 2 Se 3 ), ferromagnetism can be induced by chiral topological superconductivity and result in a three-dimensional Weyl topological superconductor.
Bi 2 Se 3 are topological insulators [14] [15] [16] [17] which support topological surface states. Soon after the topological surface states in Bi 2 Se 3 were observed in angle-resolved photoemission (ARPES) experiments [18, 19] , it was found that Cu-doped Bi 2 Se 3 were superconducting [20] [21] [22] . It was proposed by Fu and Berg that these superconducting Cu-doped Bi 2 Se 3 were in the odd-parity topological phase with Majorana surface states [23] . The Majorana surface states were supposed to induce zero bias conductance peaks in tunneling experiments [24] but negative results were also found [25] . Interestingly, the Knight shift experiments [26] showed that spin-susceptibility of the material has a two-fold in-plane rotational symmetry which breaks the three-fold rotational symmetry of the basal plane. This motivated Fu to propose that the superconducting Cu-doped Bi 2 Se 3 is in the so-called nematic phase which spontaneously breaks the three-fold rotational symmetry down to a two-fold symmetry [27] . In a more recent measurement, the two-fold dependence of the specific heat on the applied in-plane magnetic field was found which also supports the superconducting nematic phase scenario [28] .
The superconducting nematic phase belongs to the E u representation of the D 3d point group [23] . Interestingly, (3) and (4) are finite as assumed in Ref. [29] , the system is always in the nematic phase with λa = −λ b , λc = 0 as shown by the dashed line. b) The case for finite Jµ d which is relevant to the Nb-doped case. The chiral phase regime is enlarged.
the two-dimensional E u representation also allows the appearance of the chiral topological phase which breaks time-reversal symmetry spontaneously [29] . Recently, in the experiment performed by Qiu et al. on Nb-doped Bi 2 Se 3 , it was found that the sample has finite magnetizations at zero field below the superconducting transition temperature (T c ) [30] . The spontaneous time-reversal symmetry breaking below T c suggests that superconducting Nb-doped Bi 2 Se 3 is possibly in the chiral topological phase.
In this work, using a microscopic Hamiltonian which includes the coupling between the itinerant electrons of Bi 2 Se 3 and the magnetic moments of Nb, we derive the mean field free energy of the system. We show that the superconducting order parameters of the itinerant electrons couple to the ferromagnetic order parameter of the Nb atoms. The chiral superconducting phase induces a finite ferromagnetic order parameter, whereas the nematic phase cannot induce any ferromagnetic order. Moreover, the superconductivity-ferromagnetism coupling enlarges the phase space of the chiral superconducting phase as depicted in Fig.1 . This provides a possible explanation of why the Cu-doped and Nb-doped Bi 2 Se 3 have different superconducting states. We further show that the chiral topological superconductor is a Weyl superconductor with bulk nodal points and surface Majorana arcs.
In the following sections, we first propose the model Hamiltonian for both Cu-doped and Nb-doped Bi 2 Se 3 and derive the mean field free energy. Second, by minimizing the Ginzburg-Landau (GL) free energy, we show that the induced magnetization by the chiral superconducting phase is nonzero. Third, the phase diagram in the presence of dopants with finite magnetic moments is studied. Finally, the energy spectrum of the chiral topological phase is analyzed.
Model Hamiltonian-Experimentally, the normal phases of both Cu-doped and Nb-doped Bi 2 Se 3 are found to be paramagnetic [20, 30] . Hence, the normal state symmetry group of the doped Bi 2 Se 3 can be chosen as D 3d × T where T is the time-reversal symmetry. For the itinerant electrons in doped Bi 2 Se 3 near the Fermi energy, the dominant orbitals are the p-orbitals from both Bi and Se atoms. To the first order in momentum k, the Hamiltonian takes the form [14, 17, 23, 29] :
where c k = {c ka↑ , c ka↓ , c kb↑ , c kb↓ } T consists of the a and b orbitals originating from the p-orbitals of the Bi and Se atoms and ↑, ↓ denote the z-component of the total angular momentum [31] . The Pauli matrices σ = {σ x , σ y , σ z } and τ = {τ x , τ y , τ z } act on the spin space and the orbital space respectively. The doped chemical potential µ lies within the conduction band [21, 30] .
To consider the effect of dopant atoms, we ignore the dopant-dopant interactions as the normal phase is paramagnetic. The electron-dopant coupling is assumed to be short-ranged and can be written as:
Here, the operator s(r) = c † (r)σc(r) denotes the total spin density of electrons, while m(r) denotes the magnetic moment density of dopant atoms. The constants I and J are the magnetic exchange coupling strengths. It is important to note that H ed respects the D 3d × T symmetry and the symmetry properties of the operators are shown in Table. I.
Motivated by recent experiments in which point group symmetry and time-reversal symmetry are spontaneously broken in Cu-doped and Nb-doped Bi 2 Se 3 respectively, we assume that the superconducting phases belong to the two-dimensional representation of the D 3d point group. To be specific, we consider the odd-parity E u representation of D 3d [23, 27, 29] . In this E u phase, there are two kinds of Cooper pairs which are related by time-reversal symmetry. These two kinds of chiral Cooper pairs are created by F † + , F † − respectively, which to the first order in k can be written as:
Here, k ± = k x ± ik y . The Γ 0 terms create Cooper pairs formed by electrons with different orbitals and equal spins, the Γ terms create inter-orbital p±ip-wave Cooper pairs. The Γ xy and Γ z terms create Cooper pairs formed by electrons with the same orbital and with p ± ip and p z pairings respectively. The creation operator F † − is the time-reversal partner of F † + and the two operators form the E u representation of D 3d .
Thus, the phenomenological electron-electron interaction Hamiltonian of the doped Bi 2 Se 3 can be expressed in terms of Cooper pair creation operators
where g > 0 denotes the overall attractive interaction strength. H ee respects the D 3d × T symmetry according to Table. I. Given the model Hamiltonian H = H e + H ed + H ee , we have the partition function Z ≡ Tr exp{−H/T } at temperature T . To evaluate Z within the mean field theory, we need to introduce the ferromagnetic and the superconducting order parameters for our system. The ferromagnetic order parameter is defined as the magnetization of the dopants M ≡ r m(r) /N where . . . denotes the thermodynamic average and N denotes the total number of sites. The superconducting order parameters are two complex numbers {η + , η − } and the mean field pairing Hamiltonian can be written as
In terms of the order parameters M and {η + , η − }, the model Hamiltonian H can be approximated by the following mean field Hamiltonian:
where S ≡ r s(r) denotes the total spin operator of electrons in the system. Correspondingly, the partition function can be written as Z = dη + dη − d 3 M exp{−F/T }, where the mean field free energy is 
−1 is the mean field Gor'kov Green's function with the Matsubara frequency ω n .
Near the superconducting critical temperature T c , the order parameters η + , η − , M are small in magnitude, and the free energy can be obtained by Taylor expansion on the order parameters as discussed in next section.
Ginzburg-Landau Analysis-The expanded free energy up to the fourth order in η ± and second order in M is
where F N is the normal phase free energy, and the coefficients a, b 1 , b 2 , g M , a M are expressed in terms of Green's functions (Eqs.(B10)-(B13) in Section B of the Supplementary Material [31] ). The general form of Eq. (8) can also be easily constructed from the group theory, according to the symmetry properties of the order parameters and their quadratic forms given in Table. I. As the Curie temperature of the dopants should be lower than T c , in the GL regime we can always assume a M > 0. By minimizing the free energy with respect to M , one obtains the induced magnetization
With the expression of M , the free energy is reduced to the function of {η + , η − } only:
Then, we need to minimize the free energy in Eq.(10) with respect to {η + , η − }. Above T c , a > 0, the solution η ± = 0 minimizes the free energy, and hence M = 0 such that the normal phase is paramagnetic. Below T c , a < 0, the superconducting phase and M depend on the sign of
M /a M < 0, |η + | = |η − | = 0 minimize the free energy and the system is in the nematic phase [23, 27, 29, 32] . In the nematic phase, the time-reversal symmetry is preserved and the induced magnetization is zero from Eq.(9). The three-fold rotational symmetry is Here, s, m denote s(r), m(r) at r = 0 respectively and s± ≡ sx ± isy, m± ≡ mx ± imy, M± ≡ Mx ± iMy.
found spontaneously broken if we include the sixth order terms in GL free energy as discussed in Ref. [29] . Recent experiments, including Knight shifts and specific heat measurements, provide evidence that this nematic phase is relevant to Cu-doped Bi 2 Se 3 [26, 28, 29] . If b 2 +g 2 M /a M > 0, the chiral phase {η + , η − } = ∆{1, 0} or ∆{0, 1} is favored with the pairing amplitude ∆. The two chiral phases ∆{1, 0} and ∆{0, 1} are time-reversal partners. To be specific, we focus on the phase ∆{1, 0} in the following discussion. In the chiral phase ∆{1, 0}, the time-reversal symmetry is spontaneously broken and the total electron spin S = g M |∆| 2 z/(2Jχ d a M ) can be finite due to the nonunitary Cooper pairs [Γ 0 , Γ xy and Γ z terms in Eq.(3)].
The magnetic moments of dopants can couple to the Cooper pairs and result in the magnetic energy of Phase Diagram-Experimentally, the Cu-doped and Nb-doped Bi 2 Se 3 showed that the superconducting phase can be dramatically changed when the types of dopants are changed. It was shown that Nb atoms in doped Bi 2 Se 3 have effective magnetic moment of µ d = 1.26µ B while Cu atoms do not carry magnetic moments [30] . In this section, by working out the phase diagram for dopants with and without magnetic moments, we show that the magnetic moments of Nb atoms can increase the phase space of the chiral topological phase compared to the Cu-doped case.
As discussed above, the sign of the coefficient b 2 + g 
The explict form of b 2 + g 2 M /a M is given as Eq.(C21) in Section C of the Supplementary Material [31] . Fig.1a depicts the case of Cu-doped Bi 2 Se 3 where Jµ d = 0, which is the same as that shown in Ref. [29] . In Ref. [29] , only the Γ 0 terms are finite and the system is always in the nematic phase (as indicated by the positive infinity along the dashed line in Fig.1a ). In this current work, by considering the more general form of the chiral Cooper pairs, the system can be in the chiral topological phase as found in Nb-doped Bi 2 Se 3 . Moreover, by having finite magnetic exchange coupling J, the phase space of the chiral topological phase is enlarged. This is simply due to the fact that the Cooper pairs in the chiral topological phase can polarize the magnetic moments of the dopants to further reduce the free energy of the whole system. This is consistent with the experimental finding that Nb-doped samples can possibly be in the chiral topological phase but the Cu-doped samples are possibly in the nematic phase. Majorana Nodes and Majorana Arcs of the Chiral Phase-In this section we will discuss the band structure of the chiral phase with {η + , η − } = ∆{1, 0} and M = M z. This is relevant to the Nb-doped Bi 2 Se 3 . Then, the mean field Hamiltonian (6) is simplified to:
In general, the mean field Hamiltonian (12) is nodal with the nodal points lying on the k x = k y = 0 line with finite k z . This is because, when k x = k y = 0, only Γ 0 and Γ z terms in Eq.(3) can be non-zero. However, these terms pair spin-up electrons while the spin-down electrons cannot be paired. Therefore, there are nodal points in the north and south poles when we have a closed 3D Fermi surface. In general, when λ a λ b λ c = 0, there are eight nodal points in the energy spectrum. The top view of the four nodal points in the northern hemisphere are shown in Fig.2a . The four nodal points in the southern hemisphere are inversion partners of the four nodal points in Fig.2a . Due to the non-degenerate nodal points, the chiral topological phase is indeed a Weyl superconducting phase. The nodal points with opposite chiralities are connected by surface Majorana arcs [34] [35] [36] as depicted in Figs.2 b to c. Fig.2b and Fig.2c depict the Majorana arcs on the xz and yz-plane respectively. The chirality of a node is defined by the Chern number of the Fermi surface enclosing the node. Recently, it was suggested that PrOs 4 Sb 12 are chiral superconductors which has similar nodal structures [37] .
In the special case of Γ 0 = Γ xy = Γ z = 0 but with finite Γ in Eq.(3), the four nodal points in the northern hemisphere merge together in the north pole (similarly for the four nodal points in the southern hemisphere). This results in Weyl nodes with double chirality. The corresponding surface Majorana arcs are depicted in Fig.2d .
Conclusion and Discussion-In this work, we show that in the chiral phase of Nb doped Bi 2 Se 3 , supercon- ductivity can induce ferromagnetic order. In the chiral phase, the system is a Weyl superconductor which possess nodal points and surface Majorana arcs. Interestingly, a recent experiment shows that the three fold rotational symmetry of Nb-doped Bi 2 Se 3 in the superconducting phase is also broken [38] . Therefore, further experimental and theoretical investigations are needed to understand this novel superconducting system. Near superconducting critical temperature T c , |η ± |, |M | are small in magnitude, and hence D, M are small in norm. Expanded in terms of D, M up to the fourth order in D and second order in M, the mean field contribution to the free energy reads
Thus expanded in terms of η ± , M up to the fourth order in η ± and second order in M , the total free energy reads
where
0 is the normal phase free energy and the GL coefficients are
where J x = J y = I, J z = J. One can apply D 3d × T to D ± (k), G e/h (iω n , k) and obtains the symmetry properties of the GL coefficients At last we will calculate the expectation value of the total electron spin S ≡ r s(r) . In order to do that, a virtual Zeeman field B coupled with the total electron spin S is introduced to the model Hamiltonian H H B = H + B · S and the Gor'kov Green's function is modified correspondingly G 
So we find the expansion of the mean field contribution to the free energy − log det G 
and hence of the total modified free energy
up to the first order in B.
Thus S can be calculated through the derivatives of the modified free energy:
One immediately finds that the induced magnetization is proportional to the total electron spin M = −Jχ d S .
